A parametrization of irreducible unitary representations associated with the regular adjoint orbits of a hyperspecial compact subgroup of a reductive group over a non-dyadic non-archimedean local filed is presented. The parametrization is given by means of (a subset of) the character group of certain finite abelian groups arising from the reductive group. Our method is based upon Cliffod's theory and Weil representations over finite fields. It works under an assumption of the triviality of certain Schur multipliers defined for an algebraic group over a finite field. The assumption of the triviality has good evidences in the case of general linear groups and highly probable in general.
Introduction
Let F be a non-dyadic non-archimedean local field. The integer ring of F is denoted by O with the maximal ideal p generated by ̟. The residue class field F = O/p is a finite field of q elements. Fix a continuous unitary character τ of the additive group F such that {x ∈ F | τ (xO) = 1} = O, and define an additive character τ of F by τ (x) = τ (̟ −1 x). For an integer l > 0 put O l = O/p l so that F = O 1 .
If a connected reductive quasi-split linear group G over F is split over an unramified extension of F , then there exists a smooth affine group scheme G over O such that G⊗ O F = G and G⊗ O F is a connected reductive group over F. In this case the locally compact group G(F ) = G(F ) of the F -rational points has an open compact subgroup G(O) wich is called a hyperspecial compact subgroup of G(F ) [19, 3.8.1 ]. An important problem in the harmonic analysis on G(F ) is to determine the irreducible unitary representations of the compact group G(O). Such a representation π of G(O) factors through the canonical group homomorphism G(O) → G(O r ) for some r > 0 since the canonical group homomorphism is surjective due to the smoothness of the group scheme G over O and Hensel's lemma, and π is trivial on the kernel of the canonical group homomorphism for some r > 0. Hence the problem is reduced to determine the set Irr(G(O r )) of the equivalence classes of the irreducible complex representations of the finite group G(O r ).
This problem in the case r = 1, that is the representation theory of the finite reductive group G(F), has been studied extensively, starting from Green [8] concerned with GL n (F) to the decisive paper of Deligne-Lusztig [3] . This paper treats the case r > 1 where the study of the representation theory of the finite group G(O r ) is less complete. Shalika [14] treats the case SL 2 (O r ), Silberger [16] the case P GL 2 (O r ). Shintani [15] and Gérardin [6] treat cuspidal representations of GL n (O r ) in order to construct supercuspidal representations of GL n (F ). The last two papers use Clifford theory and Weil representations over finite fields. In the series of papers [9, 10, 11, 12] , Hill treats the case GL n (O r ) systematically by means of Clifford theory, but different methods are used for representations associated with different type of adjoint orbits.
In this paper, we will establish a parametrization of the irreducible representations of G(O r ) (r > 1) associated with the regular (more precisely smoothly regular) adjoint orbits. Taking a representative β of the adjoint orbit, the parametrization is given by means of a subset of the character group of G β (O r ) where G β is the centralizer of β in G which is smooth commutative group scheme over O. Our theory is based on Clifford theory and Weil representations over finite fields, and it works well under an assumption of the triviality of certain Schur multiplier of a finite commutative group G β (F). We can verify the assumption in the case of GL n with n ≤ 4, and the discussions in this paper show that the assumption is highly probable for the reductive groups in general
The main result of this paper is Theorem 2.4.1. The situation is quite simple when r is even, and almost all of this paper is devoted to treat the case of r = 2l − 1 being odd. In this case we need Weil representation over finite field to construct irreducible representations of G β (O r ) · K l−1 (O r ), where K l−1 (O r ) is the kernel of the canonical group homomorphism G(O r ) → G(O l−1 ), and at this point appears the Schur multiplier as an obstruction to the construction. Here we shall note that over a finite field, Weil representation is a representation of a symplectic group, not of the 2-fold covering group of it, and that the Schur multiplier is coming not from Weil representation but from certain twist which occurs en route of connecting K l−1 (O r ) with the Heisenberg group over finite field (see section 3 for the details).
Several fundamental properties of the Schur multiplier will be discussed in section 4. These properties, combined with the results of [18] in the case of G = GL n , shows that it is highly probable that the Schur multiplier is trivial for all reductive group schemes over O provided that β is regular and that the residue characteristic is big enough.
We will give some examples of classical groups where the characteristic polynomial of β is irreducible modulo p. In this case the parametrization is given by a subset of the character group of unit groups of unramified extensions of the base field F . See propositions 5.1.4 for a general linear group, 5.2.4 for a group of symplectic similitudes, 5.3.4 and 5.3.5 for a general orthogonal group with respect to a quadratic form of even and odd variables respectively, and 5.4.4 for an unitary group associated with Hermitian form of odd variables.
Main results
2.1 Let G ⊂ GL n be a closed smooth O-group subscheme, and g the Lie algebra of G which is a closed affine O-subscheme of gl n the Lie algebra of GL n . We may assume that the fibers G⊗ O K (K = F or K = F) are non-commutative algebraic K-group (that is smooth K-group scheme).
For any O-algebra K, the set of the K-valued points gl n (K) is identified with the K-Lie algebra of square matrices M n (K) of size n with Lie bracket [X, Y ] = XY − Y X, and the group of K-valued points GL n (K) is identified with the matrix group
where K × is the multiplicative group of K. Hence g(K) is identified with a matrix Lie subalgebra of gl n (K) and G(K) is identified with a matrix subgroup of GL n (K). Let
be the trace form on gl n , that is B(X, Y ) = tr(XY ) for all X, Y ∈ gl n (K) with any O-algebra K. The smoothness of G implies that we have a canonical isomorphism
and that the canonical group homomorphism G(O) → G(O r ) is surjective due to Hensel's lemma. Then for any 0 < l < r the canonical
), the image under the canonical surjection onto G(O l ) (resp. onto g(O l )) with l > 0 is denoted by
Since the reduction modulo p plays a fundamental role in our theory, let us use
We will pose the following three conditions;
II) for any integers r = l+l ′ with 0 < l ′ ≤ l < r, we have a group isomorphism
III) if r = 2l − 1 ≥ 3 is odd, then we have a mapping
The condition I) implies that B :
→ O is also non-degenerate. The mappings of the conditions II) and III) from Lie algebras to groups can be regarded as truncations of the exponential mapping. See section 5 for the examples of classical groups which satisfy these three fundamental conditions of our theory.
The character group of an finite abelian group G is denoted by G .
2.2
From now on we will fix an integer r ≥ 2 and put r = l + l ′ with the smallest integer l such that 0 < l ′ ≤ l. In other word
Take a β ∈ g(O) and define a character ψ β of the finite abelian group K l (O r ) by
So the stabilizer of
which is a subgroup of
is the disjoint union over the representatives β (mod p
So our problem is to give a good parametrization of the set Irr(G(O r , β) | ψ β ) for β ∈ g(O) which is regular enough.
For any β ∈ g(O), let us denote by G β = Z G (β) the centralizer of β in G which is a closed O-group subscheme of G. The Lie algebra g β = Z g (β) of G β is the centralizer of β in g which is a closed O-subscheme of g.
2.3
In this subsection we will define a Schur multiplier which is an obstruction to our theory.
Take a β ∈ g(O) such that g β (F) g(F). Then non-zero F-vector space V β = g(F)/g β (F) has a symplectic form
Note that the group Sp(V β ) acts on V β from right. Let v → [v] be a F-linear section on V β of the exact sequence
For any v ∈ V β and g ∈ G β (F), put
Take a ρ ∈ g β (F) . Then there exists uniquely a v g ∈ V β such that
is a 2-cocycle with trivial action of G β (F) (c) on C × . Moreover we have
′ with respect to which we will define γ ′ (v, g) ∈ g β and v
Now our main result is
Theorem 2.4.1 Suppose that a β ∈ g(O) satisfies the conditions 1) G β is commutative smooth O-group scheme, and
Then we have a bijection θ → σ β,θ of the set
The proof is given in subsection 2.5 for even r and subsection 2.6 for odd r. 2) The smoothness of G β over O implies that the canonical group homomor-
3) As presented in the following two subsections, the second condition in the theorem is required only in the case of r being odd.
4)
Since G⊗ O F and G β ⊗ O F are F-algebraic group, and the former is not commutative while the latter is, so we have
That is g β (F) g(F).
5)
Since G β is assumed to be commutative, we have
In fact, only if part is trivial. Let
be the group extension associated with the 2-cocycle c β,ρ ∈ Z 2 (B β (F) (c) , T) where T is the subgroup of z ∈ C × such that |z| = 1. Then the groups are compact commutative group, and we have a group extension of the Pontryagin dual groups
Since T ≃ Z is free the group extension (5) is trivial and so is the group extension (4).
2.5
Assume that r = 2l is even so that l ′ = l. In this case the proof of Theorem 2.4.1 is quite easy. Let us suppose more generally that there exists a commutative subgroup C of G(O r , β) such that
Let us denote by C β the subset of the character group C consisting of the θ ∈ C such that θ = ψ β on C ∩ K l (O r ). Then any θ ∈ C β gives an one-dimensional representation σ β,θ of G(O r , β) defined by
Then we have a proposition of which our Theorem 2.4.1 is a special case;
[Proof ] Take any σ ∈ Irr(G(O r , β) | ψ β ) with representation space V σ . Then
is commutative, we have dim(χ −1 ⊗ σ) = 1 and then dim σ = 1. Put θ = σ| C ∈ C β and we have σ = σ β,θ .
Assume that
We have a chain of canonical surjections
defined by
Let us denote by Z(O r , β) the inverse image under the surjection ♥ of g β (F).
Let us denote by Y β the set of the group homomorphisms ψ of Z(O r , β) to
where a group homomorphism ψ β :
Take a ψ ∈ Y β . For two elements
and so ψ β (xyx
Hence we have
for all x ∈ K l−1 (O r ) and y ∈ Z(O r , β) so that we can define
, which is non-degenerate. Then Proposition 3.1.1 of [18] gives
and π β,ρ (x) is the homothety ψ(x) for all x ∈ Z(O r , β).
.
and
In the next section, we will construct π β,ρ by means of Weil representations over the finite field F (see Proposition 3.3.1), and will show that we can choose U (g) so that we have
Under this assumption we have Proposition 2.6.3 For any ρ ∈ g β (F) , there exists a group homomorphism
[Proof ] Because of 2) in Assumption 2.6.2 there exists a group homomorphism
On the other hand we have
Let us denote by
Under the conditions of Theorem 2.4.1, we can put C = G β (O r ). We have the following proposition by which our Theorem 2.4.1 is given as a special case of Proposition 2.6.4.
This means that the mapping (θ, ρ) → θ is injective. Take X, X ′ ∈ g β (O) such that X ≡ X ′ (mod p). Then we have X ′ = X + ̟T with T ∈ g β (O) and
This and the commutativity of G β show that
and our mapping in question is surjective.
2.7
We will give a sufficient condition on β ∈ g(O) under which G β is commutative and smooth over O.
Let us assume that the connected O-group scheme G is reductive, that is, the fibers G⊗ O K (K = F, F) are reductive K-algebraic groups. In this case the dimension of the maximal torus in G⊗ O K is independent of K which is denoted by rank(G). For any β ∈ g(O) we have
We say β to be smoothly regular with respect to G over K (or β ∈ g(K) is smoothly regular with respect to [17, 1.4] ). In this case G β ⊗ O K is smooth over K. If β is smoothly regular with respect to G over F and over F, then β is said to be smoothly regular with respect to G.
We say β to be connected with respect to G if the fibers
is smoothly regular and connected with respect to G, then G β is commutative and smooth over O.
[Proof ] Let G [13] shows that G β (F ) is commutative (F is the algebraic closure of F ), ans hence G β is a commutative O-scheme.
2.8
With the detailed discussion given in the section 4 and the results of [18] , the truth of the following statement is highly probable;
Assume that G is connected smooth reductive O-group scheme. If β ∈ g(O) is smoothly regular with respect to G over F, then the
is trivial for all ρ ∈ g β (F) provided that the characteristic of F is big enough.
Weil representations over finite field
In this section we will use the notations of the preceding sections and will suppose r = 2l − 1 ≥ 3 is odd so that l
is not in the center of g(F).
is given by the canonical surjection (6), whose kernel is K l (O r ), with the group isomorphism
. In order to determine the 2-cocycle of the group extension (7), choose any mapping λ : g(F) → g(O) such that X = λ(X) (mod p) for all X ∈ g(F) and λ(0) = 0, and define a section
for all X ∈ g(F) and
for all X, Y ∈ g(F). Now we have two elements (2-cocycle)
We will consider two groups M and G corresponding to the two 2-cocycles µ and c respectively. That is the group operation on
Let G× g(F) M be the fiber product of G and M with respect to the canonical projections onto g(F). In other word
is a subgroup of the direct product G × M. We have a surjective group homomorphism ( * ) :
A group homomorphism of additive groups
, O l−1 ). Let us denote by H β the group associated with the 2-cocycle
, the direct product of two additive groups g β (F) and O l−1 . The inverse image of Z(H β ) with respect to the surjective group homomorphism
is
Take a ρ ∈ g β (F) which defines group homomorphisms
On the other hand we have a group homomorphism
, and ψ 0 · χ β is trivial on the kernel of the surjection (8) and induces a group homomorphism ψ β,ρ ∈ Y β defined in subsection 2.6.
Let us determine the 2-cocycle of the group extension
where
V-vector spaces and define a section l : V β → H β of the group extension (10)
for u =Ẋ, v =Ẏ ∈ V β so that the 2-cocycle of the group extension (10) is
Let H β be the Heisenberg group of the symplectic F-space V β , that is H β = V β × C 1 with a group operation
Then we have a surjective group homomorphism
Then ψ 0 · π β,ρ is trivial on the kernel of ( * ) :
[Proof ] By the definition we have
with X ∈ g(F) and S ∈ g(O). Then we have
so that we have T (mod p) = X ∈ g(F) and
Then we have
This proposition shows that the irreducible representation (π
3.4
Fix a ρ ∈ g β (F) . In this subsection we will study the conjugate action of g r = g (mod p r ) ∈ G(O r , β) on K l−1 (O r ) and on π β,ρ . For any X ∈ g(F), we have g
and an action of g r ∈ G(O r , β) on (X; S l−1 , T l−1 ) ∈ G× g(F) M is defined by of g r ∈ G(O r , β) on (X, s) ∈ H β via the surjection (9). If we put X = [v] + Y ∈ g(F) with v ∈ V β and Y ∈ g β (F), then we have
There exists a group homomorphism T :
for all σ ∈ Sp(V β ) and (v, s) ∈ H β (see [7, Th.2 
.4]). Then we have
If we put
On the other hand
for all g r ∈ G(O r , β) (c) . That is ψ 0 is invariant under the conjugate action of G l (O r , β) (c) . Hence we have
Properties of c β,ρ
In this section we will present several properties of the Schur multiplier [c
3. We will keep the notations and conventions of section 2, while only the structure of algebraic groups over finite field F is required to define and to discuss the Schur multiplier.
4.1 Let K/F be a finite field extension. More specifically take the unramified extension K/F with the integer ring
We will assume that the degree of the extension (K : F) is not divisible by the characteristic of F, and put T ′ K/F = (K : F) −1 T K/F . Then the additive character
. Then for any ρ ∈ g β (F), the additive character
the restriction mapping
Res :
[Proof ] There exists a F-basis
be a F-linear section of the exact sequence (1). Its K-linear extension gives a K-linear section of the exact sequence
So we have c β,ρ (g, h) = c β, ρ (g, h) for all g, h ∈ G(F)
4.2 Let us assume that there exists a closed smooth O-group subscheme H ⊂ GL n of which our G is a closed O-group subscheme and that the trace form
is non-degenerate where h is the Lie algebra of H. Then we have h(
⊥ , and
is an orthogonal decomposition of symplectic spaces.
Take ρ ∈ g β (F) and put
for all v ∈ V β . Then we have
is the image under the restriction mapping
Take a β ∈ g(O) such that g β (F) g(F).
Let β = β s + β n be the Jordan decomposition of β = β (mod p) ∈ g(F) (β s , β n ∈ g(F) are repectively the semisimple part and the nilpotent part of β).
Let us assume the following assumption;
Then we have g(F) = l ⊕ l ⊥ where
is an Ad(L(F))-submodule of g(F). Hence there exists a F-vector subspace
Under the assumption 4.3.1, we have
2) for any extension ρ ∈ l of ρ, we have
[Proof ] 1) Take any X ∈ l ⊥ and put v =Ẋ ∈ V β = g(F)/g β (F). Then we have
for all Y ∈ l, so we have [β s , X g ] = 0, that is X g ∈ l.
2) Take g, h ∈ G β (F) (c) . The relation 2 gives v g σ g = −v g −1 and
4.4
In this subsection, we will consider the relation between the regularity of β ∈ g(F) and the triviality of the Schur multiplier [c Take a β ∈ g(O) and let β = β s + β n be the Jordan decomposition of β ∈ g(K) into the semi-simple part β s ∈ g(K) and the nilpotent part β n ∈ g(K)
o of the centralizer of β s in G⊗ O K is a reductive group over K and there exists a maximal torus T of G⊗ O K such that β s ∈ Lie(T )(K) (see [1, Prop.13.19] Remark 4.4.2 Let us consider the case of GL n which is a connected smooth reductive O-group scheme. For β ∈ gl n (O), the following statements are equivalent;
and its proof). Then T ⊂ L and rank(L) = rank(G). Put
1) β ∈ gl n (O) is smoothly regular with respect to GL n over F,
where α 1 , · · · , α r are distinct elements of the algebraic closure F of F and
is a Jordan block of size m,
In this case β ∈ gl n (O) is smoothly regular with respect to GL n over F and the centralizer GL n,β is commutative and smooth over O.
The remark above and Proposition 4.3.2 combined with the results of [18, Examples 4.6.2-4], we have Proposition 4.4.3 Take a β ∈ gl n (O) such that 1) β is smoothly regular with respect to GL n over F, 2) the multiplicities of the roots of the characteristic polynomial χ β (t) of β ∈ M n (F) are at most 4.
Then the Schur multiplier
is trivial for all ρ ∈ gl n,β (F) provided that the characteristic of F is big enough.
The author does not hesitate to present the following
is trivial for all ρ : gl n,β (F) , if β ∈ gl n (O) is smoothly regular with respect to GL n over F and the characteristic of F is big enough.
In general if β ∈ g(O) ⊂ gl n (O) is smoothly regular with respect to GL n over F, then β is also smoothly regular with respect to GL n over F , hence GL n,β is smooth commutative O-group scheme. So G β ⊂ GL n,β is commutative, and so we have
Then Proposition 4.2.1 says that the Schur multiplier [c β,ρ ] ∈ H 2 (G β (F) (c) , C × ) with ρ ∈ g β (F) is the image under the restriction mapping 
is regular with respect to G over F and the characteristic of F is big enough.
These arguments provide good reasons for the conjectural statement of subsection 2.8.
Examples
5.1 G = GL n is a connected smooth reductive O-group scheme which satisfies the conditions I), II) and III) of the subsection 2.1.
A similar argument shows
If β ∈ gl n (O) is smoothly regular with respect to GL n over F, then G β is a smooth commutative O-group scheme (see Remark 4.4.2). If further β ∈ gl n (F) is semisimple, then c β,ρ (g, h) = 1 for all g, h ∈ G β (F) and ρ ∈ gl n,β (F) (see 
the Möbius function). Take a polynomial
is an unramified field extension of F of degree n, which is the splitting field of p(t) over F , and
is the integer ring of K with the maximal ideal 
This kind of parametrization of Irr(G(O r ) | ψ β ) is given first by Shintani [15] and then Gérardin [6] .
Let
Then G is a connected smooth reductive O-group scheme. The Lie algebra gsp 2n of G is an affine O-subscheme of gl 2n such that
Assume that the characteristic of F does not divide n. Then G satisfies the conditions I), II) and III) of the subsection 2.1. The same arguments as Propositions 5.1.1 and 5.1.2 show
If β ∈ gsp 2n (O) is smoothly regular with respect to G over F and over F, then G β is a smooth commutative O-group scheme. If further β ∈ gsp 2n (F) is semisimple, then c β,ρ (g, h) = 1 for all g, h ∈ G β (F) (c) = G β (F) and ρ ∈ gsp 2n,β (F) (see Remark 4.3.3) . In this case Theorem 2.4.1 gives Proposition 5.2.3 There exists a bijection θ → Ind
× . Now fix an unramified field extension K of F of degree 2n. Let O K be the integer ring of K with the maximal ideal p K = ̟O K . The finite field F = O/p is identified with a subfield of K = O K /p K . Then K/F is a Galois extension whose Galois group Gal(K/F ) is isomorphic to Gal(K/F) by the mapping which sends σ ∈ Gal(K/F ) to σ ∈ Gal(K/F) where (x (mod p K )) σ = x σ (mod p K ). Let τ ∈ Gal(K/F ) be the unique element of order 2. Fix an ε ∈ O × K such that ε τ +ε = 0. Then the F -vector space K is a symplectic F -space with respect to the non-degenerate alternating form
on K with a polarization K = K − ⊕ K + where
and its Lie algebra gsp 2n are defined by
and by
Then Proposition 5.2.3 gives
Proposition 5.2.4 There exists a bijection θ → Ind
Then G is a connected smooth reductive Ogroup scheme. The Lie algebra g = go(S) of G is an affine O-subscheme of gl n such that
is connected and its center is also connected. Hence if β ∈ g(O) is smoothly regular over F and over F, then G β is a smooth commutative O-group scheme. If further β ∈ g(F) is semisimple, then c β,ρ (g, h) = 1 for all g, h ∈ G β (F) (c) = G β (F) and all ρ ∈ g β (F) (see Remark 4.3.3) . In this case Theorem 2.4.1 gives Proposition 5.3.3 There exists a bijection θ → Ind
Suppose n = 2m is even. Let K be an unramified field extension of F of degree n with the integer ring O K . Then p K = ̟O K is the maximal ideal of O K , and F = O/p is canonically identified with a subfield of K = O K /p K . Let τ ∈ Gal(K/F ) be the unique element of order 2. Fix an ε ∈ O × K such that ε τ = ε and put
so that the discriminant of the quadratic form S ε is
2 ) is trivial, in other word det(S ε (u i , u j )) 1≤i,j≤n ∈ O × . So the O-group scheme G = GO(S ε ) and its Lie algebra g = go(S ε ) is defined by
Then Proposition 5.3.3 gives
Proposition 5.3.4 There exists a bijection θ → Ind
Let us consider the case of n = 2m + 1 being odd. In this case det β = 0 for all β ∈ g(O) so that the characteristic polynomial χ β (t) ∈ O[t] of β is of the form χ β (t) = t · p(t) with p(t) ∈ O[t]. We will give examples in which p(t) is irreducible modulo p.
Let us use the notations used in the case of even n and fix an η ∈ O × . Then F -quadratic form on V = K × F is defined by
Then the O-group scheme G = GO(S ε,η ) and its Lie algebra g = go(S ε,η ) is defined by
In this case ψ β (h) = τ ̟ −l
′ T K/F (β 0 x) for all
The Proposition 5.3.3 gives 
is a subgroup of U K/F × O × . If β s ∈ g(L) (L = F or L = F) is semisimple, then the centralizer Z G⊗ O L (β s ) is connected and its center is also connected. Hence if β ∈ g(O) is smoothly regular over F and over F, then G β is a smooth commutative O-group scheme. If further β ∈ g(F) is semisimple, then c β,ρ (g, h) = 1 for all g, h ∈ G β (F) (c) = G β (F) and all ρ ∈ g β (F) (see Remark 4.3.3) . In this case Theorem 2.4.1 gives 
Let
In this case ψ β (h) = τ (̟ −l ′ T L/F (βx)) for all 
